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Zipt’s Law
In a remarkable book that came out in 1949, Human Behavior and the Principle
Least Effort, Professor George Kingsley Zipf of Harvard University made
number of striking observations of some simple regularities in systems of
human origin. Figure 8a shows how many cities in the world (circa 1920) h:
more than a given number of inhabitants. There were a couple of cities larg

than 8 million, ten larger than 1 million, and 100 larger than 200,000. Th

curve is roughly a straight line on a logarithmic plot. Note the similarity wil

the Gutenberg-Richter law, although, of course, the phenomena being |
scribed couldn’t be more different. Zipf made similar plots for many ge

graphical areas and found the same behavior.

8. (a) Ranking of cities by size around the year 1920 (prf.
9) The curve shows the number of cities in Wl‘ll(.!l'l the p'oj‘mlatmn
such as James Joyce’s Ulysses or a collection of American newspapers. The tent give:n size or, equivalently, the relative ranking of eities versus

most frequently used word (the word of “rank” 10) appeared 2,653 times. Th opulation.

Zipfalso counted how often a given word was used in a piece of literatur
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Zipf's Law for the English language.

Figure 8. Continued (l:) Rax\lting of words 1n the Englisli language.

The curve shows how many words appear with more than a given fre-
quency.

from the individual level to the statistical observations. Zipf's law as well as
the other three phenomena are emergent in che sense that they are not ob-
vious consequences of the underlying dynamical rules.

Note that all the observations are of statistical nature. The Gutenberg-
Richter law is a statement about how many earthquakes there are of
each size—not where and when a particular earthquake will or did take
place. Zipf's law deals with the number of cities within a given range of popu-
lations—not with why a particular city has a certain number of inhabirants.
The various laws are expressed as distribution functions for measurable quan-

tities. Therefore, a theory explaining those phenomena must also be statisti-
cal, as we have already argued.
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Power Laws and Criticality

What does itmean that something is a straightlineona double logarithmic
plot? Mathematically, such straight lines are called “power laws,” since they

show that some quantity N can be expressed as some power of another

quantity s:
NG) ="

Here, s could be the energy released by an earthquake, and N(s) could be the
aumber of earthquakes with that energy. The quantity scould equally well be
the length of a fjord, and N(s) could be the number of fjords of that length.
Fractals are characterized by power law distributions. Taking the logarithm

on both sides of the equation above we find
log N(s) = — Tlogs.

This shows that log N(s) plotted versus log s is a straight line. The expo-
nentT is the slope of the straight line. For instance, in Zipf’ s law the number N
of cities with more than s inhabitants was expressed asN(Gs)=1 / s=s . That
is a powet law with exponent — 1. Essentially all the phenomena to be dis-
cussed in this book can be expressed in terms of power laws. The scale invari-
ance can be seen from the simple fact that the straight line looks the same
everywhere. There are no features at some scale that makes that particular
scale stand out. There are no kinks or bumps anywhere. Of course, this must
eventually break down at small and large scales. There are no fjords larger
than Norway, and no f]ords smaller than a molecule of water. But in between
these two extremes there are features of all scales. In his beautiful book Fractals,
Chaos, Power Laws: Minutes from an Infinite Paradise, Manfred Schroeder reviews
the abundance and signiﬁcance of power laws in nature.

Thus, the problem of explaining the observed statistical features of com-
plex systems can be phrased mathematically as the problem of explaining
the underlying power laws, and more speciﬁcally the values of the exponents.
Let us first, however, consider a couple of approaches that have proven un-

successful.

—
|



28 How Nature Works

Systems in Balance Are Not Complex

Physicists have had some experience in dealing with large “many body” sys-
tems, in particular with systems that are in balance in a stable equilibrium. A
gas ofatoms and the sand at a flat beach are large systems in equilibrium; they
are “in balance.” If an equilibrium system is disturbed slightly, for instance by
pushing agrain of sand somewhere, not much happens. In general, systems in
balance donot exchibit anty of the interesting bebavior discussed above, such as latge catastrophes,
1/f noise, and fractals.

There is one minor reservation. A closed equilibrium system can show
complex behavior characterized by power laws, but only under very special
circumstances. There has been spectacular progress in our understanding of
systems at a phase transition where the system goes from a disordered state to
anordered state, for instance when the temperature is varied. Rightatthecrit-
ical pointseparating these two phases there is complex behavior characterized
by scale-free behavior, with ordered domains of all sizes. To reach the critical
point, the temperature has to be tuned very accurately in order to have com-
plex behavior. Butoutside the laboratory no one is around to tune the param-
eter to the very special critical point, so this does not provide insight into the
widespread occurrence of complexity in nature.

In the past, it has often been more or less tacitly assumed that large sys-
tems, such as those we find in biology and economics, are in a stable balance,
like the sand at a flat beach. The leading economic theory up to now, the gen-
eral equilibrium theory, assumes that perfect markets, perfect rationality, and
so on bring economic systems into stable Nash equilibria in which no agent
can improve his situation by any action. In the equilibrium state, small per-
turbations or shocks will cause only small disturbances, modifying the equi-
librium state only slightly. The system’s response is proportional to the size of
the impact; equilibrium systems are said to be “linear.” Contingency is irrele-
vant. Small freak events can never have dramatic consequences. Large fluctua-
tions in equilibrium systems can occur only if many random events acciden-
tally pull in the same direction, which is prohibitively unlikely. Therefore,

equilibrium theory does not explain much of what is actually going on, such

as why stock prices fluctuate the way they do.
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A general equilibrium theory hasnotbeen explicitly for.mulated foi biol-
ogy buta picture of nature as being in “balance” often prev‘aule. l'\lature 1s. sup-
Posed to be something thatcan, m peinc1ple, be conseived, this idea' mbtivat;:s
environmentalists and conservationists. No wonder: in a human lifetime the
nacural world changes very lictle, so equilibrium concepts may seem natural
or intuitive. However, if nature is in balance, how did we get here in the first
Place? How can there be evolution if things are in balance? Systems in balanc.e
or equilibrium, by definition, do not go anywhere. Does nature as we see 1t
now (or a few years ago before we “started” pollutmg our env1reriment) bave
aiiy preferential status from an evolutionary point ofv1ew? Implicitly, theidea
of nature being balance is intimately related to the view that humans are at
the center:our natural world is the “right one.”

As pointed out by Gould and Eldridge, the apparent equilibriur.n.is only
a period of tranquillity, or stasis, between intermittent bursts of activity and
volatility in which many species become extinct and new ones emerge. Alsb,
the rate of evolution of individual spectes, as measured, for instance, by their
change in size, takes place episodically in spurts. This phenomenon 1s called
punctuated equilibrium. The concept of punctuated equilibrium turns out to be
at the heart of the dynamics of complex systems. Large intermittent bursts
have no place in equilibrium systems, but are ubiquitous in history, biology,
and economics. |

None of the phenomena described above can be explained within an equi-
librium picture. On the other hand, no general theory forlarge nonequilibrium
systens exists. The legendary Hungarian mathematician John von Neumann
once referred to the theory of nonequilibrium systems as the “theory of non-
elephants," that is, there can be no unique theory of this vast area of science.

Nevertheless, such a theory of non-elephants will be attempted here. The
picture that we should keep in mind is that of a steep sandpile, emitting

avalanches of all sizes, contrasting with the equilibrium flat sand box.

Chaos Is Not Complexity

In the 1980s a revolution occurred in our understanding of simple dynamical

systems. It had been realized for some time that systems with a few degrees of




30 How Nature Works

freedom could exhibit chaotic behavior. Their future behavior is unpre-
dictable no matter how accurately one knows their initial state, even if we had
perfect knowledge of the equations that govern their motion, as we have for
the swing, or a pendulum, being pushed at regular intervals.

The revolution was triggered by Mitch Feigenbaum of Los Alamos Na-
tional Laboratory, a scientist working in an environment similar to mine. He
had constructed a simple and elegant theory for the transition to chaos for a
simple model of a predator-prey system. The model was actually invented
several years earlier by the British biologist Robert May. The number of indi-
viduals, x,,, who are alive one year can be related to the number of species that

are alive the following year, x, 4, by a simple “map”
X+ 1 = )\xn(l - xn)‘

Feigenbaum studied this map using a simple pocket calculator. Starting
with a random value of x,,, the map was used repeatedly to generate the popu-
lations at subsequent years. For small values of the parameter A, the proce-
dure would eventually approach a fixed point at which the population re-
mains constant ever after. For larger values the map goes into a cycle in which
every second year the population returns to the same value. For even larger
values of N the map first goes into a four-cycle, then an eighe-cycle, unul ac
some point (the Feigenbaum point) it goes into a completely chaotic state. In
the chaotic phase, a small uncercainty in the initial value of the population is
ampliﬁed as time passes, precluding predictability. Feigenbaum constructed
a beautiful mathematical theory of this scenario. This was the first theory of
the transition from regular periodic behavior to chaos. Chaos theory shows
how simple systems can have unpredictable behavior.

Chaos signals have a white noise spectrum, not 1 /f. One could say that
chaotic systems are nothing but sophisticated random noise generators. Ifthe
value of x (or the position of the regularly pushed swing) is plotted versus
time, the signal looks much like the noise shown in Figure 7c. It is random
and boring. Chaotic systems have no memory of the past and cannot evolve.
However, precisely at the “critical” point where the transition to chaos occurs,
there is complex behavior, with a 1 / /f-like signal (Figure 7a). The complex

state is at the border between predictable periodic behavior and unpre-
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dictable chaos. Complexity occurs only at one very special poinr, and not for'
the general values of A where there is real chaos. The compleXity isnot robust.
Since all the empirical phenomena we have discussed—fractals, 1/f noise, ca-
rastrophes, and Zipf's law—occur ubiquitously, they cannot depend on some
delicate selection of temperature, pressure, or whatever, as represented by the
parameter \. Borrowing a metaphor from Dawkins, who got it from the En’-’
glish theologian William Palay, nature is operated by a “blind warchmaker
who is unable to make continuous fine adjustments. |

Also, simple chaotic systems cannot produce a spatial fractal str.ucture
like the coast of Norway. In the popular literature, one finds the eub]ects of
chaos and fractal geometry linked together again and again, despite the fact
that they have lictle to do with each other. The confusion arises from the fact
that chaotic motion can be described in terms of mathematical objects known
as strange attractors embedded in an abstract phase space. These srrange attrae—
tors have fractal properties, but they do not represent geornetrical fractals in
real space like those we see in nature.

In short, chaos theory cannot explain complex1ty.

Self-Organized Criticality

The four phenomena discussed here—regularity of catastrophic events, frac-
tals, 1 / /fnotse, and Zipf 's law—are so similar, in that they can all be expresseel
as straight lines on a double logarithmic plot, that they make us won’der if
they are all manifestations of a single principle. Can there be.a l\'lewtons. law,
f= ma, of complex behavior? Maybe self-organized criticality is that single
underlying principle. N .
Self—organizecl critical systems evolve to the complex critical state Wll:h-
out interference from any outside agent. The process of self—organizatio.n
takes place over a very long transient period. Complex behavior, \.Jvhether in
geophysics or biology, 1s always created by a long process of evolution.-It can-
not be understood by studying the systems within a time frame that is short
compared with this evolutionary process. The phrase “you cannot under-
stand the present without understanding history” takes on a deeper and more

precise meaning. The laws for earthquakes cannot be understood just by
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studying earthquakes occurring in a human lifetime, but must take into ac-

count geophysical processes that occurred over hundreds of millions of years

and set the stage for the phenomena that we are observing. Biological evolu-
tion cannot be understood by studying in the laboratory how a couple of gen-
erations of rats or bacteria evolve.

The canonical example of SOC is a pile of sand. A sandpile exhibits
punctuated equilibrium behavior, where periods of stasis are interrupted by
intermittent sand slides. The sand slides, or avalanches, are caused by a
domino effect, in which asingle grain of sand pushes one or more other grains
and causes them to topple. In turn, those grains of sand may interact with
other grains in a chain reaction. Large avalanches, not gradual change, make
the link between quantitative and qualitative behavior, and form the basis for
emergent phenomena.

If this picture is correct for the real world, then we must accept instability
and catastrophes as inevitable in biology, history, and economics. Because the
outcome is contingent upon speciﬁc minor events in the past, we must also
abandon any idea of detailed long-term determinism or predictabiliry. Ineco-
nomics, the best we can do, from a selfish point of view, is to shift disasters to
our neighbors. Large catastrophic events occur as a consequence of the same
dynamics that produces small ordinary everyday events. This observation
runs counter to the usual way of thinking about large events, which, as we have
seen, looks for spec ific reasons (for instance, a falling meteorite causing the ex-
tinction of dinosaurs) to explain large cataclysmic events. Even though there
are many more small events than large ones, most of the changes of the system
are associated with the large, catastrophic events. Self-organized criticality

can be viewed as the theoretical justiﬁcation for catastrophism.

chapter 2

| the discovery

of self—organize(l
criticality

In 1987 Chao Tang, Kurt Wiesenfeld, and 1 constructed the simple, proto-
typical model of self-organized criticality, the sandpile model. Our.calcula—
tions on the model showed how a system that obeys simple, benign local
rules can organize itself into a poised state that evolves in terms of flashing,
intermittent bursts rather than following a smooth path. We did not setout
with the intention of studying sandpiles. As with many other discoveries in
science, the discovery of sandpile dynamics was accidental. This chapter
describes the events leading to the discovery. In hindsight, things could

have been much simpler; our thinking went through some quite convoluted

paths.

Science at Brookhaven

We were working at Brookhaven National Laboratory, a
large government laboratory with approximately 3,000

employees, located at the center of Long Islandt sixty





