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Introduction

Consider a cube of ice sliding (without any friction) on an infinite plane.    The cube will maintain a constant velocity forever.   One can depict the path of the cube as a line:
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Suppose, in addition, that there is a clock that ticks every second and we mark the position of the cube on the line every time the clock ticks:
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To distinguish the different points from one another, it will be convenient to number them.   Let’s suppose the ice cube has always been sliding and will always continue to slide.  Likewise, the clock has been ticking and will always continue to tick.  Then it is convenient to use the integers as indices of the tick marks.  We  can place the integer zero at any positition we wish; we’ll put the other integers on the marks in their normal spatial sequence:
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Each point on the line is called a state of the system.  The whole line, or set of all possible states is called the state space.

Suppose that the ice cube is moving at 1 meter every second.  Then each pair of adjacent tick marks is one meter apart.   We can thus write the position, x,  of the cube as a function of time:

x(t) = t                                                                                                                                        (1)
This function specifies the motion of the cube.

But there is an interesting alternative way of describing the motion of the cube.   We can specify it’s velocity, or change of position with time:
dx/dt = 1 m/s                                                                                                                              (2)
Here, dx/dt is (Leibniz’s) calculus notation.  It means “instantaneous rate of  change”.  Because we will not be concerned here with particular physical situations and particular measurements, but will instead focus on concepts (position, velocity, distance, etc.) and their relations, we drop the units of measurement, and just write
dx/dt = 1                                                                                                                                     (3)
This expression is called a “differential equation”.     It describes a system’s behavior in terms of how it changes.      This leads to one way of defining dynamical systems theory:   dynamical systems theory is the study of systems that are described in terms of how they change.  (We’re now using the word “system” as a general term in place of the term “position of the ice cube” in the above example).
It is convenient to indicate the velocity of the system with short arrows, drawn above the line.
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Because, in this discussion, we are not concerned with actual quantities, but only with their relations, the length of the arrows is arbitrary.  What is important for the present example is that they are all the same length and they all point in the same direction.  This conveys the central feature of the ice cube system:  the velocity is constant.   In the diagram above, we have chosen to make the length of the arrows be one one-quarter of the distance between the tick marks.  Such a diagram, in which the system’s velocity is indicated by arrows at many representative states, is called a vector flow diagram or sometimes just flow diagram. It is a useful way of prompting a visual/intuitive understanding of the nature of a dynamical system.
Exploration of examples

It is interesting to consider other possible motions of objects.   For the moment, we’ll focus on motions that lie on a line, like the case above.   One possibility is to change the speed:
dx/dt = 2                                                                                                                                      (4)

This  corresponds to an ice-cube travelling twice as fast:   
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Another possibility is to give a negative velocity:

dx/dt = -1                                                                                                                                     (5)

This is like the original cube, except that it is travelling to the left,  rather than to the right. 
Exercise:  Draw the vector flow diagram for the system of equation (5).
A particularly interesting case occurs if the velocity depend on the position of the cube.  For example:
dx/dt = x                                                                                                                                      (6)

To make a flow diagram for this system, start by drawing one arrow of arbitrary length corresponding to one point of the system.   We’ll choose the point x = 1, and make the arrow one quarter of the length of the  separation between tick marks:
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Based on this starting assumption, we can fill in several other arrows according to the convention  that the length of each arrow should be proportional to its velocity:
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This system is more complex than the ice cube.  It has three different behavioral regimes:  moving to the left (this happens at all points to the left of zero), moving  to the right (all points to the right of zero),  and not moving (zero itself).      Exercise:  Is there a physical object whose motion is described by equation (6), at least qualitatively?

The system of equation (6) has a noteworthy property:  it involves feedback.  That is to say, the change in the position depends on the position.  Thus, velocity accumulates.  If we start the system at a small positive value of x, say x = 0.1, then it has a velocity of 0.1, which means that it is moving to the right.   But if it moves to the right, then its position becomes even further to the right, which means that its velocity is greater.  In other words, it has sped up. This process compounds, so that the speed grows and grows without bound.
The point x = 0 has a special status in this system of equation (6).  The system does not change its position there.  Such a point, where the velocity of a dynamical system is zero, is called a fixed point.  By convention, we draw its arrow as a dot with no arrow-head.  There are several varieties of fixed points.   In the case of the fixed point at x = 0 in the system of equation (6), the system will stay at the fixed point if it starts at the fixed point, but if some external force, or perturbation, were to knock the system off the fixed point, it would move away from it, even if it were knocked off only a tiny distance.    A fixed point with this property is called a repellor.  A repellor is a type of unstable fixed point (a point that the system usually moves away from under perturbation).   It is conventional to mark an unstable fixed point with an open circle on the number line as in the diagram above.
Relevance Comment:  Technically speaking, as noted above, any system that is described in terms of its velocity (i.e., how it changes) is a dynamical system.  But it is primarily systems that involve feedback (e.g., the system of equation (6)) that show interesting behaviors.   Thus, when people say “minds are dynamical systems” or “dynamical  systems theory offers interesting new models of human systems”, they are generally talking about dynamical systems with feedback.  Indeed, dynamical systems accounts of cognition contrast with most standard, information-theory accounts by their inclusion of feedback.  Thus, one good way to identify mental phenomena that may be uniquely explained by the dynamical approach, is to find phenomena that involve feedback.    For example, some researchers have presented evidence that certain methods of improving children’s ability to read are more helpful to the children who already know how to read relatively well, than they are to children who do not know how to read very well.  This could reflect a feedback effect:  for example, perhaps  children who already know how to read well, tend to read more when they employ the method.  Then, because they read more, they learn more vocabulary, and thus become able to read better even more quickly.  The children who start out with weaker reading skills in the first place do not get as far with the method, and thus do not get the same degree of benefit from reading more.  Their reading ability doesn’t compound as quickly.
Attractors
Now consider the following system:

dx/dt = -x                                                                                                                                    (7)
Its vector flow diagram looks like this:
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This system also has a fixed point at 0, but the flow around it points toward 0 rather than away from 0 like the system of equation (6).   This means that if the system is at 0, and is bumped off of 0 it in either direction, it will come back to 0.  If, from all nearby points up to some positive distance away from a fixed point, the system goes to the fixed point, then the fixed point is called an attractor.   Thus, 0 is an attractor of the system defined by equation 7.  An attractor is also called a stable fixed point.  It is conventional to mark stable fixed points with a closed circle on the number line, as in the diagram above.
Many dynamical systems spend a lot of time near their attractors.   Note that if the system of equation (7) is started at a state far away from zero and allowed to move, it will quickly get close to zero and slow down.   Thus, we could say that no matter where it is started, the system spends “most of its time” near zero.   For this reason, among others, attractors are important points in the behavior of dynamical systems.
There is a convenient way of discovering the attractors and the flow in one-dimensional dynamical systems like the ones we have considered here:  graph the state of the system on the x-axis (as we have been doing), and graph the velocity of the system on the y-axis.  For example, for the system in (7), we have:
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From such a graph it is easy to find the fixed points and the (vector) flow:  the fixed points are all the points where the graph intersects the x-axis.   The arrows of the flow point to the right whenever the graph is above zero; they point to the left whenever the graph is below zero;  in all cases, the length of the arrows is proportional to the magnitude of the velocity function.

Multiple Fixed Points

A natural question to ask is:  Can a system have more than one fixed point?

Suppose, for example, we wanted to make a system with exactly two fixed points.  We noted above that a fixed point occurs whenever the value of the velocity function is zero.  Therefore, to have two fixed points, we need a function that touches the x-axis exactly twice.  Clearly this cannot be done with a straight line.  However, a curved line would work:
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How can we discover the equation of such a curved line?   Using higher powers of x  can result in curved lines.  For example, recall that the graph of y = x2 is a parabola that opens upward.   You can figure this out by making a chart of values and plotting them on a graph:
	x
	y = x2

	0
	0

	1
	1

	-1
	1

	2
	4

	-2
	4


If we let dx/dt = x2, we would get the following dynamical system:
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It didn’t quite come out as hoped:   although dx/dt is curved, it only crosses the x-axis in one place.  However, there is an easy way to fix the problem:  we just need to lower the graph a bit.  For example, we can let

dx/dt = x2 – 1                                                                                                                           (8)
producing this table of values

	x
	dx/dt = x2-1

	0
	-1

	1
	0

	-1
	0

	2
	3

	-2
	3


And this dynamical system:
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Now, the system has exactly two fixed points, one at x = 1 and one at x = -1.  The fixed point at x = -1 is an an attractor and the fixed point at 1 is a repellor.   Question:  If the system starts at x = -1 (a fixed point), and is bumped off of it hard to the right, so it lands, say at (positive) 2, then it will go off to the right (to infinity) according to the flow diagram above.  Does this mean that -1 is not an attractor after all?
The set of all points from which the system converges on a particular attractor, is called the basin of the attractor.  The basin of the attractor at -1 in the system above is the set (-∞, 1). 

Relevance Comment:  One hypothesis is that minds have attractors:  that is, states that they tend to return to when pushed slightly away from them.  This may explain the difficulty people sometimes have with changing their behaviors.    Exercise:  give an example of a mental state space.   Identify a point within this state space that may be an attractor.  Provide evidence that it is an attractor.
Relevance Comment:   A related idea is that attractor basins correspond to categories.  This makes sense in that when a person decides that two things belong to the same category, they tend to treat them identically, or nearly so.  A particularly strong example is categorical perception of phonemes:  people hear all the sounds within particular ranges of acoustic values as the same sound.   This would be expected if, upon hearing a speech sound, the brain always goes to an attractor corresponding to one of the phonemes.  Exercise:  Think of another domain of human perception/thinking/interpretation in which people tend to treat all members of a category as the same.
Additional fixed points

What about more than two fixed points?  Say 3?
It turns out that the example above leads to an easy way of making systems with any finite number of fixed points.    Note that it is possible to factor the right hand side of equation (8).  That is, we can write:
dx/dt = x2 – 1 = (x + 1)(x – 1)                                                                                                  (9)
Now, it’s easy to see why x = 1 and x = -1 are fixed points.  The terms (x + 1) and (x – 1) are called the factors of the function.       When (and only when) at least one of the factors is zero, the whole function is zero.  The factor (x +1) is zero when x = -1;  the factor (x – 1) is zero when x = 1.  Therefore 1 and -1 are the only fixed points.
To get three fixed points, we need another factor.  For example, we could multiply the whole function by x:

dx/dt = x(x + 1)(x – 1)                                                                                                             (10)
Now, there are fixed points at 1, -1 and 0.  Exercise:    Draw the flow for the system of equation (10).  What kinds of fixed points are these?
Higher dimensional systems
Relevance Comment:  So far, we have considered only one-dimensional systems.  Though these may have a lot of fixed points, they can only show a limited range of types of dynamical behaviors.   One way of making dynamical systems that are more relevant to interesting mental phenomena is to include more dimensions as well as feedback.  This handout will give a very brief suggestion of what is possible with higher dimensional systems.
One kind of higher dimensional system that is particularly relevant to cognition, is a system of interconnected neural units.  Like the systems above, such neural systems can be described in terms of how they change.  If we allow each neuron to send signals to itself and/or to the other neurons, then the system has feedback.   Here is an example of a neural system with just two neurons (and hence two dimensions in its state space):
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 In neural diagrams, it is conventional to use arrowheads to indicate excitatory connections (meaning the signal from the sending neuron encourages the receiving neuron to turn on) and dots to indicate inhibitory connections (meaning the signal from the sending neuron encourages the receiving neuron to turn off).   Since this neural system has two dimensions, it has a two dimensional state space.  This means that each point in the state space must be specified by two numbers, as in [a1, a2] (here a1 stands for the activation of neuron 1 and a2 stands for the activation of neuron 2).    It happens that this system has two attractors.  One attractor is the state [1, 0] and the other attractor is the state, [0, 1].   Exercise:  explain why [0, 1] and [1, 0] are attractors in this system. 
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